Abstract: We study a supersymmetry breaking deformation of the N = (2, 2) cigar = Liouville mirror pair, first introduced by Hori and Kapustin. We show that mirror symmetry flows in the infra-red to 2d bosonization, with the theories reducing to massive Thirring and Sine-Gordon respectively. The exact bosonization map emerges at one-loop. We further compactify non-supersymmetric 3d bosonization dualities on a circle and argue that these too flow to 2d bosonization at long distances.
Introduction
The purpose of this paper is twofold. First, we study the fate of 2d mirror symmetry subject to supersymmetry breaking deformations, and show that it reduces to 2d bosonization. Second, we study the fate of 3d bosonization upon compactification on a circle and show that this too reduces to 2d bosonization.
In Section 2, we focus on a mirror pair first introduced by Hori and Kapustin [1] . This is a duality between 2d N = (2, 2) supersymmetric theories which, colloquially, is written as Cigar ←→ Liouville We systematically break supersymmetry on both sides of this duality. We will see that the two theories flow to the well known 2d bosonization duality [2] , Massive Thirring ←→ Sine-Gordon
We show that the map between parameters in the bosonization duality descends from the mirror map after a one-loop shift.
In Section 3, we change tack somewhat and study a non-supersymmetric, 3d bosonization duality. This is not quite so divorced from the previous topic as it may seem. Both Hori-Kapustin duality and 3d bosonization can be derived from a common progenitor: a 3d N = 2 Chern-Simons matter mirror pair, first postulated in [3] . It has long been known that, when compactified on a circle, 3d mirror symmetry gives rise to HoriKapustin duality [4] . More recently it was shown that, when supersymmetry is broken 3d mirror symmetry gives rise to 3d bosonization [5, 6] . Our goal in the second half of the paper is to complete the circle of ideas. We argue that, upon compactification, 3d bosonization reduces to the better studied 2d bosonization.
From 2d Mirror Symmetry to 2d Bosonization
In this section, we treat each side of the Hori-Kapustin duality in turn. Our strategy for breaking supersymmetry follows [5, 6] , where the fate of 3d mirror pairs was studied (a story we will return to in Section 3). We identify a global symmetry on each side of the duality and couple this to a background vector multiplet. Turning on scalar and D-term parameters in this vector multiplet allows us to map supersymmetry breaking deformations across the duality. We will show that the cigar theory flows to the massive Thirring model, while the Liouville theory becomes Sine-Gordon.
Before we proceed, we pause to make a comment. There is a natural non-supersymmetric analog of the Hori-Kapustin mirror pair: FZZ duality [7] . This is an equivalence between the bosonic cigar and sine-Liouville theory, proven in [8] . One might have thought that breaking supersymmetry would reduce Hori-Kapustin duality to FZZ. However, this turns out not to be the case. This is similar in spirit to what happens in three dimensions where one might have thought that breaking supersymmetry would reduce 3d mirror symmetry to its non-supersymmetric counterpart, particle-vortex duality. Yet, this is not how things pan out in either case. Instead, in both 2d and 3d, breaking supersymmetry reduces mirror symmetry to bosonization.
The Cigar
The cigar theory is a non-linear sigma model whose target space has the shape of a semi-infinite cigar. It can also be viewed as an SL(2, R)/U (1) coset superconformal field theory. The 2d fields consist of a complex scalar φ, and a single Dirac fermion ψ, with Lagrangian
The theory has a marginal coupling, γ. In the asymptotic region, |φ| → ∞, the target space is a cylinder with radius γ/4π. As usual in a supersymmetric sigma-model, the coefficient of the four-fermi interaction is governed by the Riemann tensor of the target space. The theory is weakly coupled when
Geometrically, this arises because the Ricci curvature at the tip of the cigar is proportional to 1/γ. We study the cigar theory only in this perturbative regime.
1 The change of coordinates ρ = sinh |φ| and α = argφ results in the more familiar cigar metric
The cigar target space is not Ricci flat so does not, on its own, give rise to a CFT. One compensates for this by including a background dilaton, although we will not need this for our purposes. The supersymmetric cigar CFT plays a number of interesting cameo roles in string theory. One particularly interesting feature arises in the elliptic genus, which suffers a holomorphic anomaly and is related to the study of mock modular forms [9, 10, 11, 12] .
The cigar theory has a U (1) V global symmetry, under which both φ and ψ have charge +1. There is also a U (1) R R-symmetry, under which ψ transforms while φ does not. For the purposes of supersymmetry breaking, our interest lies in the U (1) V global symmetry, which we couple to a background vector superfield V . In two dimensions, this can alternatively be packaged as a twisted chiral multiplet of the form
(Note that we refer to superspace coordinates as ϑ to avoid confusion with the SineGordon scalar θ that will make an appearance later.) The background gauge field A i , with field strength F 01 , couples to the U (1) V current; we will have need for this when we come to compare the symmetries across the duality. In the meantime, our interest lies in the coupling of the parameters m ∈ C and D ∈ R. Turning these on deforms the theory by
Note that supersymmetry is preserved when m = 0, and the theory becomes gapped, with the ground state at the tip of the cigar, φ = 0. In contrast, when D = 0 there is again a unique ground state at φ = 0, but now supersymmetry is broken.
In what follows, we take D m 2 ∈ R + . (The more general case of m ∈ C follows from axial rotations of the fermions.) The scalars can now be integrated out. At tree level, we are left with the massive fermions interacting through a four-fermion term. In 2d, there is a unique four-fermion coupling and it can equivalently be written in Thirring form, as a current-current interaction. After canonically normalising the kinetic term, the cigar Lagrangian (2.1) becomes
When m = 0, this describes a c = 1 conformal field theory, with γ a marginal parameter.
Liouville Theory
The mirror of the cigar is Liouville theory [1] . It involves a single, twisted chiral superfield Y with lowest component
Note that the compact scalar Im Y = θ should not be confused with the superspace coordinate ϑ. The Lagrangian is
Here µ is an ultra-violet scale. (For example, in the Hori-Kapustin derivation of the duality, the superpotential arises from integrating out vortices which have a UV structure at the scale µ.)
The 1/4πγ normalisation of the kinetic term is important. The fact that this is the correct normalisation can be seen by examining the y → ∞ limit of configuration space, where the theory is again described by a cylinder, now with radius 1/ √ 4πγ. This is the T-dual of the asymptotic cigar.
In contrast to the cigar, the geometry does not disappear when y < 0; instead this regime is energetically disfavoured by the superpotential term. The Liouville theory is under perturbative control when
This is the opposite regime from the cigar, as appropriate for a strong-weak duality.
The Liouville theory also enjoys both a U (1) V and U (1) R symmetry. The R-symmetry involves a phase rotation of the fermion, coupled with a shift of the scalar θ, so that the Yukawa coupling e −y−iθ ψψ remains invariant. Here our interest lies in the U (1) V global symmetry which now manifests itself as a topological winding symmetry, with bosonic current
As in the cigar theory, we couple this current to a background superfield V . This is achieved by adding the deformation
The expansion includes the theta term θF 01 , where θ is dynamical and F 01 is the background field strength. After an integration by parts, this gives the required A i j i coupling, where j i is the topological current (2.3).
It is simple to trace the effect of the background m and D parameters in Σ. The twisted mass m results in a linear shift to the twisted superpotential ∆W = mY . Including both parameters, we are left with the scalar potential
We again work in the regime µ 2 D m 2 ∈ R + . The minimum sits at
In this ground state, fluctuations of both the real field y and the fermion get a mass of order √ D. We integrate them out. Meanwhile Im Y = θ remains light. At tree-level, the low-energy dynamics of theory is governed by the Sine-Gordon model, with
Here, the susy breaking scale D should be thought of as the UV cut-off of the theory.
The effective action (2.5) arises at tree-level. It is a simple matter to compute oneloop corrections. Those of interest arise from the Yukawa coupling e −y−iθ ψψ. In the ground state (2.4), with canonically normalised kinetic terms, this takes the form
where
is a large mass scale. The exact value of M will not matter for our purposes but, as we will see, the vertex gives a finite correction to the propagator for the light, periodic scalar θ. To proceed, we decompose the Dirac spinor ψ into Majorana-Weyl components χ, and write
Expanding about θ = 0, the contribution to the low-energy, effective Euclidean action is
The terms of interest are quadratic in the Fourier mode θ(p), and come from the diagram
Naively, this contributes a mass term ∼ O(M ) for the scalar θ. This, however, is an artefact of the expansion around θ = 0. Indeed, the R-symmetry, which acts as an axial rotation of ψ, together with a shift of θ, prohibits the generation of a potential for θ in the limit m = 0. In contrast, we are interested in the contribution to the kinetic terms. These arise by isolating the order p 2 term, and are given by
Combining this with the tree level result (2.5), the one-loop effective action is the Sine-Gordon model, with action
Comparison to Bosonization
We now compare these results with the 2d bosonization map of Coleman [2] . He showed that the massive Thirring model, with Lagrangian
is equivalent to the Sine-Gordon model, with Lagrangian
where Λ is an ultra-violet scale, and the coupling constants in the two theories are related by
Our supersymmetric mirrors had a marginal coupling γ. The cigar theory is weakly coupled when γ 1 and flows to the Thirring model (2.2), with coupling
where the correction comes from possible one-loop effects or higher. Meanwhile, the Liouville theory is weakly coupled when γ 1 and flows to the Sine-Gordon model (2.6), with coupling
where now the correction comes from possible two-loop effects or higher.
We see that the one-loop shift of the Sine-Gordon coupling (2.8) reproduces exactly Coleman's bosonization map (2.7). This suggests that the higher-loop contributions to the map vanish. Indeed, other aspects of the Sine-Gordon model have long been known to be one-loop exact [13] .
From 3d Bosonization to 2d Bosonization
There is a derivation of Hori-Kapustin duality that has its origin in three dimensional physics.
2 One can start from the class N = 2, 3d Chern-Simons matter mirror pairs, first introduced in [3, 15] . The simplest of these mirrors is:
The first hint that this is related to Hori-Kapustin mirror pairs comes from examining the Coulomb branch of the right-hand side which, at finite coupling, has the shape of a cigar.
In [4] , 3d N = 2 mirror pairs were compactified on a spatial circle of radius R. (See also [16] for a more recent discussion.) In the present context, one achieves this by first extending the duality to the "all-scale mirror symmetry" of [17] , which means replacing the left-hand side of the duality above with the gauged linear model whose Higgs branch is the cigar [1] . One finds that the 3d mirror pair (3.1) reduces to the Hori-Kapustin duality in two dimensions. The marginal parameter γ in the 2d theories is identified as γ = e 2 R, where e 2 is the 3d gauge coupling.
Alternatively, one may also study the fate of the mirror pair (3.1) upon breaking supersymmetry. This was done in [5, 6] . (A related discussion for large N bosonization dualities was given in [18, 19] .) The result, assuming a lack of phase transitions under RG, is that the 3d mirror pair flows to a non-supersymmetric 3d bosonization duality, which takes the form free Dirac fermion ←→ U (1) 1 coupled to XY critical point (3.2) This duality has been the subject of much interest. The fact that one can employ Chern-Simons terms to transmute the statistics of particles has long been appreciated in the context of non-relativistic physics or, relatedly, in quantum field theories with a gap [20, 21, 22] . Evidence for such a duality at the critical point has come only recently, starting with large N bosonization dualities inspired by holography [23, 24] , for which overwhelming evidence has been amassed [25, 26, 27, 28, 29, 30] . For the simple, Abelian bosonization duality (3.2), there are now both lattice [31] and coupled wire [32] constructions. Moreover, it can be shown [33, 34] that the relationship (3.2) implies a host of other dualities, among them the long-established particle-vortex duality [35, 36] .
In this section, we study the fate of 3d bosonization when both sides of (3.2) are compactified on a spatial circle S 1 of radius R. (The fate of bosonization when placed on a manifold with boundary was considered in [37, 38] .) At low energies, each side reduces to a theory in d = 1 + 1 dimensions. We would like to identify these theories.
The fermionic theory is, of course, trivial. We introduce a mass term, m F 1/R, for the 3d fermion. We give the fermions periodic boundary conditions on the S 1 , leading to a tower of Kaluza-Klein (KK) modes with masses |n/R + im F | with n ∈ Z. At low energies, only the zero mode survives, leaving us with a single two-dimensional Dirac fermion,
This is well known to be dual to a compact scalar (for a special value of the radius). Our task is to understand how this might arise from the 3d bosonic theory. This is not a simple question to address. The 3d bosonic theory is strongly coupled, and we have little control over its dynamics. Indeed, if we had any control, it would presumably come as less of a surprise to learn that the theory is actually a free Dirac fermion in disguise.
A Naive Approach: Compactification at Weak Coupling
We start by describing an approach that does not, ultimately, work. We work with the 3d U (1) gauge theory,
This theory is weakly coupled in the UV, but flows to the strongly coupled IR fixed point that we wish to study. It has two, dimensionful couplings, namely e 2 and λ. When compactified on a circle, we can construct two dimensionless couplings,
We would like to understand the theory in the regime γ 1 andλ ∼ O (1), where it first flows to the strongly coupled 3d fixed point, and is subsequently compactified on S 1 . Instead, we have control in the regime γ 1 andλ 1 where the theory is weakly coupled and we can do perturbative calculations. One may hope that there is no phase transition as we vary γ andλ, so that we can still see evidence of the bosonization duality in this regime. As we now show, this hope is ill-founded.
Upon compactification, the 3d gauge field decomposes into a 2d gauge field a i , i = 0, 1 and the Wilson line
The Maxwell and Chern-Simons terms become
with e 2 2d = e 2 /2πR. We see that the Wilson line acts as a dynamical theta term in the 2d theory. Meanwhile, the scalar field φ decomposes into an infinite tower of KK modes, together with the surviving zero mode of mass m B 1/R. When γ,λ 1, we may integrate out the tower of KK modes. A standard one-loop calculation (see, for example, [39] ) shows that these generate a potential for the Wilson line. When m B = 0, this potential is
(A similar result holds when m B 1/R.) This gives the Wilson line a mass of order 1/R, freezing it to its minimum which sits at θ = π. The upshot is that, at low energies, we're left with the Abelian-Higgs model in d = 1 + 1 dimensions, with θ = π. Interesting as this phase structure is, it does not coincide with the free Dirac fermion (3.3) where, as m F is varied, we pass through a c = 1 critical point. Clearly the weak coupling physics, when γ,λ 1, is rather different from the strong coupling physics of the duality.
Compactification at Strong Coupling
To proceed, we need a better handle on the strongly coupled fixed point of the bosonic theory. Fortunately we have one: the duality! Our goal, after all, is to use knowledge of the 3d duality to say something about the theories after compactification.
In fact, much of what we need follows immediately from the map between current operators in the 3d theories,
where the 3d fermion ψ 3d is related to the 2d fermion ψ in (3.3) by the rescaling ψ = √ 2πR ψ 3d . Upon reduction on the circle, at low-energies this descends to a map between currents of 2d theories,
This, of course, is the usual bosonization map in two dimensions, with the Wilson line (3.4) playing the role of the dual boson. We will also need one further fact: the 2d fermionic theory enjoys an enhanced symmetry in the IR when m F = 0. This is the axial symmetry, under which the fermion zero mode is invariant, but the tower of KK modes are not. But this too is easily mapped onto the bosonic theory,
a result which is again familiar from 2d bosonization. This is the current that arises from a shift symmetry of θ. In the present context, it tells us that when m 2 B is tuned to a critical value, which we take to be m 2 B = 0, then no potential of the form (3.5) can be generated for the Wilson line, despite our weak coupling intuition. Furthermore the fact that the Wilson line acts as a dynamical theta angle -which would give it a mass of order e 2d , even in the absence of a KK-generated potential -is similarly misleading. Instead, when m 2 B = 0, the mere existence of the current (3.8) is sufficient to tell us that the Wilson line remains gapless. This is the dual boson.
The argument above, which relies only on symmetries and the assumption of the duality, ensures that, at low-energies, the dynamics of the strongly coupled 2d theory takes the form
The question is: how can we fix β 2 ? We know from standard bosonization story, recounted in the previous section, that the free fermion point corresponds to β 2 = 1/4π.
In fact, this too is fixed by the symmetries and, in particular, the normalisation of the axial current (3.8) . To see this, suppose that we couple the fermion to a background vector field A i . Upon compactification, this couples to the Wilson line as
The equation of motion for θ is
which agrees with the anomaly for a free fermion, ∂ i j i A = 2 × F 01 /2π, only when β 2 = 1/4π as required.
3
As shown by Coleman [2] , the bosonization map (3.7) between currents is sufficient to understand how to deform the theory away from the free fermion fixed point, with interactions induced on both sides by (j V ) i (j V ) i couplings. We can also turn on mass deformations in the theory. The duality map tells us that turning on a Dirac mass m F for the fermion is equivalent to a mass m 2 B ∼ −m F . (This equation is understood to hold at the fixed point, rather than in the UV theory.) The Dirac mass breaks the axial symmetry, which no longer prohibits the potential for θ. The lowest dimension operator consistent with the remaining symmetries is cos θ. This is simply the usual 2d bosonization story.
We could also consider adding a Majorana mass. In 3d, this is associated to the fermion bilinear ψ 3d ψ 3d which, under bosonization, maps to
where M is the monopole operator in the bosonic 3d theory, which is dressed with φ to ensure gauge invariance in the presence of the Chern-Simons term. Compactifying and matching charges, the monopole operator descends to the vortex operator e iθ whereθ is the dual of the Wilson line: ∂ i θ = 2 ij ∂ jθ . The 2d Majorana mass is then
In the action (3.9), in which the compact boson has radius β, the dimension of the Dirac mass term e iθ is 1/4πβ 2 ; that of the Majorana mass e 2iθ is 2 2 × πβ 2 . Hence β 2 = 1/4π is the unique point at which both of these deformations have the same dimension, namely 1, as it should be for the free fermion.
The map ψ 3d ←→ φM raises a puzzle upon reduction to two dimensions 4 . In three dimensions, the fermion corresponds to a monopole operator dressed with φ, due to the Chern-Simons term. Yet in 2d our discussion above suggests that the fermion is associated purely with the Wilson line. In fact, this need not be the case. Consider the 2d theory which comes from a reduction of the 3d kinetic terms (ignoring potential terms, for which the classical analysis described here would appear to be woefully misleading). We start with the 2d XY model, with periodic scalar σ ∈ [0, 2π) (this is roughly the phase of φ) whose shift symmetry is gauged. The gauge field is subsequently coupled to a dynamical axion θ, a remnant of the 3d Chern-Simons term:
This theory shares features with its 3d cousin, but sits in the same universality class as the gapless boson. To see this, we dualise the periodic scalar ∂ i σ = ij ∂ jσ /2πβ 2 , and write the action as
The equation of motion for the gauge field then imposesσ = θ. This shows that the XY sector is intimately connected to Wilson line, in analogy with the dressing of the monopole operator in 3d.
Finally, we discuss the parity symmetries of our theory. The action of parity in 2d is P 2d : θ → −θ, so the Dirac mass term is invariant. A slightly more subtle question concerns the action of parity in 3d, which we take to be defined by P 3d : x 2 → −x 2 . In the bosonic theory, this is a quantum symmetry that is not manifest at the level of the classical action, so in order to study it we turn to the dual theory. Upon compactifying the fermionic side, one finds that P 3d descends to Z 2 ⊂ U (1) A , under which the Dirac mass term is odd. The bosonization map then tells us that 3d quantum parity acts as P 3d : θ → θ + π. In other words, the Wilson line e iθ is odd under P 3d .
Our determination of the bosonic theory (3.9) relied only on the identification of the symmetries, rather than any explicit 3d dynamics. One might ask whether its possible to determine the value of β 2 directly from the 3d theory, without recourse to the duality. We have not been able to do this; indeed, successfully determining β 2 from first principles would present strong evidence for the 3d bosonization duality.
